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1 tiM VMluay.* 

ftdvioii gMi^Amti &f my su^srvictri 
Prof««3(Mr H«D* Biiiii'gaVfty wtm iiitvodiiMMi4 
im %'hm itt1»4«el, mM iUe,g«tt«d tlMi 

gttthUrnm 


P R>. 

ca* i» mMtmui 
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fills is to tiijt tins tib«sls «otitl«4 

m.kiiiic ikuiuauu F»yc j«a« tiint 
is sttlisittfMt If UNrl B* 3 ^r)s«i H* so»| for 

tiMi sittfci. of tht Dtgrs* of lOotor of FMiosoplf is» 
tte IntUso loslltQikO of t^olMiol.Oiir| Esopur is s rsoomi 
of lBom,fid9 mvt osrrisd aut Ibgr Mm misr 

my sii^srvlsloo soi flit tiMsis Bst rtsoM 

tilt stw3t4sr4 fudfiliiog ttio foguirosoiits of tlis 
rtiiuittl..os to tilt Higrtt* tm rtsoXto tobociitd la 
tBit lilt si • lisvt not Mm sulioitt;t<i to my otiitr 
Ctaivtfiitf or Xostitmfco for tlao mmwil of my <lttrtt 
or 4lp2o««« 


Cl* iT'iiuirgsts^ ^ 
Froftsaor of MsttesUtt 
liMSiiio loskitmo of iMiitaiilotfi 
EauBFUf* 



JfY,«OFSIS 


BUM. mx>m 

-t>ai 

ladiiiui Xfitti&utae of Kani)ur 

m'ih iyo-Di;4wiBioi«Ai istA^aa x&au^iioii 

tMB tlMtio i« eam«va4NS witB m eluta of iaoliuiiua 
^iroliliMii in tii«i«4iaimilosi«X oXiMiticitsr* 'Imoluoioa' Bug 
iNHia gg A imviog tB« aaiia •XAgtie 

i»iop«rti«g «• tlmt of ttig gurroundlag aatoriglt ^Bgi 
laoXttgioti %gaiig «o m4mf$m ^oatiuigoug 
itfopMitloa* fBig %«i4«a«y tgi«i>l<i fggult i» prtggrlM 
•tVAiag in. HM Iftflltitioat ia tlw alhienog of tilt laatris* 
iowtvitt «f llio oongtraiatg of tlM 9f§tm 

of •lAitlt f iolA AovgXopg liotli &a tl>i «Atgix §mA tm ItMi 
inolugioa* smh problgHig Bavo B*«a gMioA ia tMg 

ttm MpXga^vmviaBXo ••tBoA lm» Immmi gppl|«4 %• 
aoXiM tBggo pfoBliMig* fi* rtaiil.tg iapgiii upon %im MnatiXgtlio 
•f %bm of foot of poial^ror<Mi.wiMii tim poijit«»for«g •«%• apiM 
m ijuriciilo aoAioHi tlio togiiXtg ato mil Itmm aai mm it 
fOiiii pfAoU«*Xl|r ia aiX luportaat oorlM «a oiagtioltf* 
flitiM tOiiil.t« tmm %mm agoi to flai iio 'tiiOfi tit 

oivOHjUf laOliigioa tgaAg %m ixi4«>g« tiitir c««or«3L IpiMi of 
l|l»o«AaiMiioiio AofOfii«tl.«a.(Vtovio«Mi ottlKogg btA ooniiAitoi 
oolf o uoAftio otoola)* fB&g gtaoroligoMgtt ^oto fOfii|.tOi 




V 


I'iiif* iiiit«i^r«t(itioii«» $mh 

it posslfola %itm f&r tiM ixielusloxi 

pmtilmt l9tit only a paftiisular aximpl* l»s Inm»i» fwliwii 
ta tllmtmtm ttMi Ixisia i^aas* .4« nlXl Ihi abviousy tliaca 
vatultt mm b« applM far inelml otis of varlout timpai* 

4 Ouavoraa problam ean aXa« ba tuMclf wM.t 

liappftyi Sf bba antrlx^la pla«ta of iooitisiontf uodiorioat 
opooiMjioomt 4lofofiia%loi-« Ono iuoli pmblm it toJiVii 
id Ibii tlioali Isul tlw raaulto mm bo gonoraXiaoi* 

fbt 0 loiii^iafintito roiion or mo tnfinlto sbilf 
wtiwo tfeio loMliai odfio or# fr#« fro# itrovo## or 
4i#9Xooow#At«t 4tli# rooolto of tbo offoot of o 9i^t*for«# 
id tin ii»totl.or or# m% mmiiXy ovoiXobl#* fioroovoti 
too# Umm fotolta for o bolf pXooo ono b# oppllod onXf 
oft#r oooaiidorMlil# oonlptaiibiofio* Xu tliio tboaii^ honovort 
lb# r««ult« or# gi#i» iMoii oaobi# bo fliol iotoot anoljIMMMl 
aoittbioii bo bbo olroulor loolitaioa prol»l.«ii wboii &b ft# 
#oMd#4 fta o 80 »i«iafinit# r#gloii or ft# ■yooobriooIXy 

«f a«t imVcatrtp 

•ftbuoboi ftd #0 ftafftiiib# ibtftp* x# bb# labbat «Mi##^iai# 
foatilb# or# obboiii## la baroi# of aa ftafftaftb# iabiarol 
lav# iMiia #01104 aaaarftOKlXjr oaft ro««iXb# or# firta fta 
boMoboi foia* Xa bobH ftb# oo### mm ptoML## iot iMMMft 
#olr#4 fm mm %m mmm mm%f mrnrn bio Xoatiag oito# or# 
fro# ff«a braobftoii# ooft 4ft«jploo«o«ab#» 
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lutrotluctioia •«• «•• vil 

List of Spibois MW 

CUiptvr 

JL CcMpisx Vsristois Approncii* ••* I 

IX Iiwloitou probiiNa 111.4 Poiiiit«.?or©o* If 

in Cireylar Xneluslop i#itib fXwo Ksraiooie 

fittpsrstiii'o jcitijribtitioii* ••• ’X 

If mipUt iMltlSlon PlMMt 

fsvporiiturs iXlslyributloEt* ••• M 

f ttkfaotiitt fMiptritiirs Attribution in 

Ittfinitt Elaatit iftdiyii* ••« 4i 

fx mat i»Xw« rrobiiia* m 

fix ArouX4r Inolusion in IPLustit Half 

('Sraotloo ftt# tditl *•« @# 

fill Aroujlur laeJLlitioti in Husti® Half flanii-ll* 

CMtpIaotPmt fftt tditl ift 

IX, A Point P»rof In an Xaltnitt iXattin 

Strip* ••• ••• 101 

X 0ir malar Snnlntioii In an Xafinit* 

fits tit 0 trip**l« 'Uff 

Utirw* tth V vn mt juat S HtHlt V <■ jum MUnH mtk Ji Jib 

Jyji %Xk IMI £l@yO«liyt 

iKtttti.# strips'll* ••• IflNl 

JMipnni&a 4 ••• 101. 

Btblinsrtplgr •«• ••• lit 



in i€ 


thi# tiMsia i8ooe#isii Itmtf witis * ela«i ®f 
laelualott ptalslea® in tta» Infitti tt»ory of 

«l<*ftioity. ftoo ptohlm nay bo »UM feriofly as 

A. ISmitmA reiion in «n lAotropIo olatiio »Mm 
%m md9vg<o apoftbanoouA dinonsiot olMinfOf* If 
%lMi oiatbin p»»p#rti«i of liiilttd yoglwn tbo taoo 
no tlioao of ourromdini salMHiriiilt tbo *aatrix'i il o&ll 
bo toiroot *• •tneliMido®* obbofifiot il ufOiiM too «oll#4 
*iatocM»o|if]Oi%y*« ftoia oD^ootonootio dofomatimi oAtili 
to# 0 i^fooovstotd otorni® in tobo otosinoo of oXoatoio 
oonotofointoa of toll# mitorix* fii# oiititiJ. tfoaotraintog mi 
toto# iaolmtlofi ami toh# oatrlx font ra too a syatoo# of 
lo^tod aoooanodntion oirootoo in toototo tob# yogimii* 
tbo ipfotolo# io to# find tbo olootoi# fioiA m»A «oaoli#f 
]p#loto#d ofotoXoBs in tb# inoliiitioiA onA ootofiji* 

flu ffotolo# io not only # nototoonotiool on# into 
tot# «i>pli#*toioiio» y#t oatanploi on#® pfotoloiio 

A# ofioo in ooiriotio inooitigotoion# of pliysios onA 
to##ln#l#iyi #•§• in totitotolo fy#«toiit#| prooipitotolon 
i#yA#niaif alloy o#to#aion» f#stoiri«to#A plaatoti# 0#«« 


viii 


For iJiportJWBt r«fer€itc« mmy hm mid* 

to ti3« pliFsioidX otosof-vatlou ando by &1« At»i HoJeaa 
tt not «ubi«\4w«pfe3-f oxpliii««dl on tiso l«*ii 
of «bov« liotliewiaftIciiJ In (C46)) toy Bi»rg«’*ii 

nisi Holoiin* 

flioy «fo of gTO«fc ttstorttloal lat«ro«t aliO| 

«• Ml *111111 too fel»t on tho oduilitoriwo intorfaoo totoo 
olastto dioplocononto of inolnoion an^ naferlA »ro not 
oontlnuou* oMlol ttoo m% wido up of 

•lottio OIMI i}oii*ol«i%lo contrltontlo .| li owi^otoor# 
oontinuoufl, tiprosii«4 in « iifforont l«iigiitt|j,o ono It 
oonoornoi aittot of oltttolo •troln i4ilob do not 
•nbitfy tlm oonpotitollity folotion* of 
on! obdoli oroy nootyttoolotty fotlitod vltboiito sotofiAl 
toolnn oiiptttjpod* 

7b0 sinplo pyotoloo of tplwrlool iaclution In 
•n infinito Itotorib^io olottlo oontlmm m» oxtBlnid 
by fmakml CCtl)) la oonaootioo oitli bit kliiotlo tboory 
of liduldt, and by Mott ond Koborro CCtI) Mabovto 
CC3tJ) la oowiootioa oltb liboiy tlaooff of proolplUbloa 
boidonini; la ollayo* * tyttoaolio iaoottlgoUoa of Ibi 
•illftoidol labliiiloa m§ anittlnlioa ia 

oiliityot ottoloooA la »mh dotiblo ytjrootboiit yofot bo 
tbo atfibof A ia ilMi MbUogtoyby oa pofi i5z « 



ix 


hf «)3ir« tm srnm u*« of wliftt xaf !»• 

dftoeritood «« point^forav tooHeilqiM* 

l^wm liiotiigli throo^ioonsional iiifiilufl.oii pmWijm§ 
iktm KOfo i<«iil.l.i%IOi Snvolv* latraotobl* 

iBlSogiffuli of foxwldabX# tlw pfotoXoii ic 

tliiplor Ib tiio«diB«iisl<»iial tituMtlono «■ 
i« tfckt ««•«• of pitot ttttXo or pltnt strttt f rtbltoa* 

It it iBtttutt tilt dcMipitx^vtrittoit Mttiiod tttt bt ipplitd* 
fMt attbod wtt foroultttd ligr Ittiiaa tod l^miritvt CC33I)» 
ttaojr illuttrtttd tltt ottbod by ttlviag tOt tlldptit 
iotlotloo probliM* 

jyottlitt attbod of tolvliig gooli prebltiitt wm 
iitta W ifeatitvo «d4|)» fldt m» %lm applitatloa of 
oloatitti nioljioo oiMiriy iprioolplo to tOlvt tuoli probloat* 
It tot tpplitd by jUitrgiivt tad atdbtltritbiiA (ClP^t Xi)) t* 
•oivi ttio problta of to olliptlo ii»lM«M>ioiMiity In «» 
iaotrtiilt twditMU fldt ootlaod tot tiibtoqiMotly appliti 
, by tiMK to tolot « mm gooortl probloof id»o tbo 
iaboaoiOiMity md attrlx mm of difforoot lopiioiftplo 
attoriti* idllit CC9$II gtto tiio oolalioa of a aiaplot 
orobXta of to oHiotta t t Miitif f tm m mMkn attoritift 
if p0&at*foroo tooioigiii# 




itlimt %m p«r%iouJUir« Itoian^* l^t tM Mk 

MMl tlMftv wrnmnu Mil iim» 9Xm mUm%m M 
iieiiiM #f m Apiitfttsrr tllNra #iai#all* ii>tk tmafttfiilf 


>!»••• aafli *^a» aMiraaaapia alaatia aaknii 











An aiiAXytla f&r tim of tin tlastio iioduXi 

of A THo bo'uoda for aXasMo »o4ul.t 

of aoli^l ooaiposlto matarlAli mm givm% bf M-pola (<4% 
43)) tif asspXofiiig txlifoaiUBi^^riiiolplaa* 

fho pfoaonb nork is oouetmod idtb tbe oxletifioii 
of snisb pfobiwis* It Apposra ftoootaary to rooAfli at ttiig 
•tai4» %im.% tim proviooa works oooflMd to tbs mm twiiii 
%lm apontaiisoui dsforoatlon is eharaetsriasd hy a slispiA 
rsiatioo i»s* wboii tbs strain em^onmts art sonstanls# 
Mow if ns tsks tns sponWiisoas dsforuatlon stiarasisrissi 
by 9mm gscisrai rsiatioiisi tMs ssrtaialy Asks a tiis 
snalarsis invoiiA4 but la turn %im soiutioa is Aors 
ssasrai* Ms tlMsis dsals irttli a slnss of suoli ptoblsiis* 
la psssiai AS lavs dsalt uita saothsr si^sst of 

mmtrlM trios to mdorio ifoatiatoiMi 
dofomstloa* Ms Imui bssa dlsoussoi in oli« 9 t«r f« 
iitbouia Kors ssasrsi pioMsas osa m soivs^ii bat 
toobaituo nss4 ia tbis sbsptor osa bs dirsotif appiiii* 

Aa iaportant sapoot la tbs soiutioa of iaoiaslmi 
psobisas is tbs oatast of tbo astr la* la aost of M 
profiotts oorlit im tbio gi^lootf tbs aotria ms sappossi 
to bo iafiaito ia ail 4itooiioas« a first 9^ Hi 
rodiMiag tbo sis* sf tbs aatria io to oaMdor it 


It to ntt¥« i«..>03r1^at iipplitatloai 

in Angioteriag skoA t^clmc^ogr* ta tim •tvmetuftd 

frwwtt mtiiJLtiiis ftm avtllia)! of olof ooiilo 'oitd «• 
foiiiGMiaLtioiit i»o iNiwat m%X docuK«at«<i ovtr ymr§m la 
ao«t of tlao oii ««9 daoiigo Ims l3««gi attrituiod to 
vortieal oonpooiiit of ftoolliiii ayod oloo to tiMi boriooatul 
ecM.^ooiimt. fikt liaplo fiodol of lioiiOioiioau« iootropio 
olMtio aiatorlol ntdoli tiilo iNMfi otouiiod in too proaont 
iforlc 003^ Imi « oljiplifio-^tiaa of tUm toil arnoo vMoli io 
«n inolAstio ooii&SiiuuMi .Out it Moy bo o first stop touordo 
•oiutioa of Abooo pvotliiio* 

Aaotbor ttoii io to ooiisidor tiio ootrix ot x ooiiMi 
ooiiiiatiiif of Ml inf ini to oiootio atrip* ioiutioa of 
inoiaaioa probloao in infioito imi •ooi-iaflnito aotio 
boooooa fortioiilar oaaoa of atioti « aolmtioo* froliliM 
of Ml iaoloaion im oa iiifliiito atrip li»a aiao Inma 
oouaidorod la tbia tboaia* 

it roooont toloir tlw writ 4oao ia tliia tiaiaii* 

2a tlio first too eliiptort* oo Mm givoii roiovaat 
tboory of oiopiox vatialilo approooa bomI tilt poial*foro« 
totiMitoot tMolt laa oii tbvoiiga fcoot oaod* la olMptar 
SII tla paotiiaa of oirooJLor tnyyiiayiiiif i ta ooai^uitiot oIiiihi 
tta afootaatoot Oofomotioa ia oluuraatoriaii if a 
Aafoioatioa of tit tfpo iiioa if r'^co^no ♦ Ia 


adiil 


Qlijipt«3r IV «• &m% vith tNii (tlliptin lAiolusl.>n wh»m tb« 
4#fOfi«»tl .» 4» of fill# typ« • fteds Is to 

lodiosts timt tibls netbod my b« us«<i for spootoMoos 
dsfoimatioti of s gtiisrsi mtum* 

Gimptttw V dosls vitb tl»t problsM wi-m tbs ustrljc 
Is wAsrgolug apontsxioout doforostloo lod tbs iooliMion 
Is InltlsIlT uostifssssd* this ststs mmy ts orsstsd for 
sxsKpls takijsg s 0 it tain plans Isunioiiio tsspsf^iurs 
ill stribttt loll vLtlAsk tbs mlrix, v^th an lnsul«itloa on tlks 
Intsrfaos of tlm inolnslon* Xhls typs of pfol»*iiis fstn 
• mw slass undsr snob protiiioif* 

la oliaptsr Vlf to prosSds a eoiasrsat apptoasb 
to too siitsoiiaoat ohiptsrsiVIl and VSXI)» cMisotsary ttasoryi 
first fOmiilatod If fiffaa {{ 21 )} Is giasa* la otaptor 
fXI tbs olroular iaeliisloa is ooasidsrsd la •oal^lafialtt 
aodiuit yltb Its straight oSga strsas^fros* dsyitsr VIXX 
doals oltb tbo protdsa of olrCKilar laoliisloa la half 
plaao ibsa tbo laadlai odgo Is froo frsn dlsplasoiNMiis* 

Xa oinptsr IX tbs rolsraat tbsory of a polat»foroo 
aotiag la tbs latsriot of m laflalto slastio strip Is 
fivsa* ftit tbsory bas bsan iistd la sabssiiusat obapt^is* 
tbs Ibsoiry Is basai on tbs oork of tiffoa {{Ml^ 98| 9^ MfU 
eiumitar X tmA XS proflds kts aolatioa of lasimsioa 





in tofinlte tlnitlfi atrip* In first «t«sst ^ 

itrsiijfet lioiaidarlsa of tli« strip ars tractlon-fr#* vliliat 

in tis« mm ttity art ctisplAesannt ftni** It it 

fomi ttmt tim •<!$« tffttt it nonfli;^ to t ittll rtglan 

tromg %'bm inelnsians and ttei tiit tidth of tlw ttr%» 

is tan tltts tlm vtdius of clrmlm intlutinri tbt goiuticns 

difftr tligHtiar tmm tiftoat for tbt inflnitt tsatf tbt 

•rror Ittifii of tUt trdtr of tlsont tit in ltiadr*a« 

fiti msk prtstnted in tfcit ol&ptsrt II i| IV «nd V 

is bststdi on tUt fblloving piiptrt uHioli Mm kmm pntliaMi* 

Im Cirtnitr Itilon uadtr Plant IttiMinio ttMptvttiift 

Distribution in sn Intuit t«4 Infinitt Hast it Iftdiwi* 
CBullttla dt 1* jyttittnit Ptltntiit dt gtisotssf 
Vol« XIIi it* 7 WUh 

iln Uliptit Htglun UKidtr plant Hsmonio ttuptratmt 

Diitribntion iiitn Intulattd Boundary 

CJliilIttiii dt I* Atadtoit pelonaist dta Btltntssi 

vti* SI it. It 

An lafinitt HatUt itdiun unitr Plant Usaiitiilt 
ftnptraturt M ttributloa titli a circular Inttrt* 
Clour* mm Hot* of lapauf Vtl* It, it* i, Ittil* 
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tvo*<$tmensioaiiil pulti* ao^rdiioat#* 

dls In a«ft»«l«kn doaXHSliiiitvg 

dif^Xacoraent in poXftr 

strain noapdiiafita in Gartaalaa «dor4iisat«s 
atraas OQiip«ia«tita in Cartoslan odordiiiatat 
atra »3 cnnpoiiantf in peXar ttoordinataa 
•trass ssnpsnsnti la tlXiptls aonfiSlnatea 
ratio 

iniB** sonstitats 

f^r plans atrsss sass 

for pXaiis straia sass 

•<itiafs foot of *X 

sssfflsiMit of XiMiar ss^paasioii 

tanpsraturs 4islrllmtloa 

4saot«s tliat sutssrlptsd <|iiiatitir psrtaias 
to iaoXofioa 

tsootss llsat i^taoripta4 tnsatlty fsttaiss 
to oatriiE 

isnstss tils sfsipXaK ssa|««at# 

isostss iiffSriNRtistiaa litli fsspsst is His 
atfisisat 


1 


fhl9 oi'ia.ptti’ su^aMiris^tt |I3# iso^pltx^vftr i alDl* 
of toiviog tm»4lm»m%maJL pfoliloia* in iiifliiit«sl,iiaJl 
ttimty of #Jlii 9 tleity* fM« oothoi of lOlutioKi mtf flri% 
ioH&ofttM w Eolotov CCD) in 34)03« wd nna «tovo3.op«d 
in lEuicift ox&oiisivolyft Motoblo noiitloo luiy bn smdo of 
IlM oiootdooX b&tM. Iffjf MtitlElitlioOyili iW)m Wawnmit ilMi 

I 

lliorotwo riWftJLiiod mkmm for » i«Bif ti»o (liD tim gpi ' 
puliliootioo of l*3« s^oiniltoff * • feooli CC4)) b& tho 
ifOrkor* in wootf «<i4 mn indopondontXy ditoororoi bf 
atnwmmm CC«))* tim fehoory ima aim iiooii dioonoioi W 
i^ikeioalteoff CC4)) CC?)) mA Wmabmim 

am ioodiof CCS)) 

KM nod^itioa of tWH oXooi of protoloo* 
ig^oo too onoift&o fonottono of oonplos^oriotio 
aU tlw fOmiOfto wmon o&il bo nooioi in tlHo ^o&o 
ofo inoXoOo4 in ob«t foXiowi» for wmaAy roforoooo* 



2 


tim attfutioii ntmll tM» to tte«« pl»m 

strain problweit for iririioh th« bodjr forost ar« s«ro* In 
pXmm straifi problMs Mw eanba «il;os«n In &mh a 
way tiMt &h« oooponiiit in z. diraction Is 

«*ro atjd otiMir two displays ^tnt ooaponentt ar« funotiona 
of X. sod onlf. flm« th« § train ecmpon^ts 
art idantioally ««iml to aoro and traroforo by fiaoico*t 
law tbo strati oo«.ponint t^x , ssro« 

Fro» I it nay bi notsd tliat p ( K.x. 4- t>j,y) 

wbsrs V is tbs l»ikisoon*s ratio* jU. 1 tl'ai rsnaluing 
ooapomnts of stisss sod strain ars funotions of ^ ami 
only* 

squIlibrluM siimtions in tins abssnos of body 
forest art 


waiyn ’af-fc* fci III I 1 1 III K ^ 


^'L 


+• 


Ci) 


and it oaa be tboni witb tiMi lisip of enaiNitibllltf s^iuatloo 


'd'f- Tt*?- 'hTCH'f- 


|S| 


and Cl)i tbat 


is bataonie fwnstiflii* It nay 


3 


b# r«{uirk«4| mat lb. pX^mt strain otbsr ooopatlbillty 

rsXatiobi sra satlsfisd* 

U&timg tbatf 


1. _ +- — ^ ‘ - 
bx. L 3z- ■* ^ 
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»iad safclsflai Xi^is«#*s •^nation 


V’-C »■«.■*-»(,»■)= 4^(|.^^^-fa5) = o. 

m at onaa obtain 


li) 


5 <;»>), (4} 

wbara tti» fastor a baa basib Inaartad for tlit sabo of 
oobvanlanca ai»ft €c=^) ani Ic^) aro ooaipXaa aobjiagait 
funationa* 

AbOtbar raXation lasolirliii anft ky 

nH'lf wH 0inyuiiMNi imi w^SmM&wt s 

MuXtlflfiiii •aaomi of aqoatiooa Cl) by i. aublrafttiai 
it ftaii tba first atuaiioii md aaint C4)t m obtaia 




<•) 


4 


%iis«r« dftsli <l«t2ot«8 w»r*%» th* ityguaint 

iasi<S« tli 0 bracket* 

latagiraUon of W with roapaot to z gliras 


Z [z §Cx) -(- f Cx)] 

vimvm Is •sooml fmcttoa of z • It Is tlsis 

obvious that tb« strsssosi t’v. aikt axid aiso 

vc»v^ •»-l>^^) my bt loppssaatwl ta tonss of t¥0 aiialytio 
fimotioas 4>cx) au^ vvcx> aisit of z • 

la of4or to obtain tbo oofftsponblt^ oatprossioiit 
for itispXaooaotttSf iiooio*s Xai# ootmootiug tbs strain to 
stross is mmi i 


±J 

E 

[ kc*.-^CNy+-M 1 

— -^1 



■ev-'j.s. 

ifbofo E is loiiiii*s ttsdnliasi ani 


PI 


5 


jb( 4 UiiUo» C?) OQnbirifd C4) and. (4) t^yj^d giv« 

ai:»d hfiiaci iktt»r inttgrating iiith raapaet IM> x luad 
tailtig ldi« doaplax d&njiiiiit* axpraasion tturumhoatf 

— -2lcz3 I tci:) ‘3lx + 7 (g| 

wlair« 'Kcz-) it a.1; prtt^'nt it ttiii rndtltfUinied* It nt^ 
bt tlnoDgi witlQi ttMi tuilp of C®} and (3*') tlsuit 


TlCx) = Kji:C2)4z. C®) 

wbtro Ka3-'4'>) 

Introdwoloi tun funofictit 4c*> and ^ ct .) , dtfiatd b^j 

5,Cr)= 4''ca) '£C’t)= ‘Vc.z) Cl®? 

tlM tetio fomuUtt C4)t C«) and |t| iiviiii tH* ooitaAii 
r«prtt«att%ioB.t of ttm tttotto* aoi ditplAototntt mm ^ 
vriittn in miriout oqolvaltfit fOf«t 
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= 2 [ 24 V) tfw 3 (lib) 

2 /J-C ’-<^■*■‘-'^5 ) = K4‘Ca-) -H-Cz^) ^11® J 

Finallfi m obtain from first two of th«t« 0 (|iiatlons bf 
SMbtraotioo 


K.X. “ ‘-tv^ f C 2 ^) + 1 C 2 ; - z- I'cz) - 

It thft ax«s X. ^ ^ ar« rotatwd tbroiigb an aiogi« e 
in til* antioloeliwito iirooticm ini th« imi# apiat ionotoi 

by «x«a -xs ,^' ^ tim tlratso* t!.v, |y^', «<’ , 

r«f«rr«i to «jiot nr* r«Iat«i to i’xjt. , j I’sv j 

, uy roforroi to ^ ^ , ia tho following mmmn 


fVx +■ f’vV” PxX't'lP’v^ 




C^’yy " IPxx 


•w V J^'-^ 
4 -XiPae.^ j 6 - 


CitI 


iuoii 


-.to 

(^uv+Cu.y') — e 


(») 
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m that if Kn m-A ar« noyaial aM taiigmti*! 

aon|ioa«i».ts of •&*«§* actiag m. a bouMary at a point 
whar* otttnard nowsai mokm m aagla ^ with tt»a a-aacia, 
than 

XiKr^-'^ ^ - Ovv,- <1.4) 

^batitutlng tha valuta of t^ocx It aofi 

ffCMi Cila) anti Cllb) in <l4) givaa 

'♦f 

If tlMf ttraaiaa t\tYi , Ktt at# praaoribad on tha laiwidiaiT' 

L. t tbMi z idii ba a point on L- « 

Mow| wa tiiall btiafljr disanaa balov tlm aonaatnoniaa 
of tha obantaa of origin and of tlia rotation of mm oil 
ttia ftnoticmt ^ cz) aoi ^cz) | aorraopomlini to a 
fivan atata of atraii of a liody* 

first iavaatifsta tha affaat of tranaiatlim of tlui 
origin to a nan point * {,§% gn 

tba aaoaiiiiataa of tna aana point in tn# old and nav 

syatans* 


8 




= y.; + i.'j. ^ z=ix.+-iv , z, =.■>«- 1 -•-1^1 

Ifc Is obvioias timt 


z = z, 4 . Z^ Cl<^) 

How wt start i»dth ttit (11«) »nd dibit dsnots Hijr 

^.cz:.) seift tbs fuootloot plairiiig in tbs now syslsn 

tlAi suits roXs as i.cz) and in tlis oM ons* Slnos 

tbs strsis scmpoiisnts ars inmrlant to transXatioiii sos 
lais l)y dial 


Re {ict-) I = Re £ 5 ,C 3 ^ 0 | = Re§,(2.-2.) 


shsaos 


$Ce) Tj^ $^<z-z«) . 1 - 0^1 

XI say Is rssarltsg tbai tbs »lditiati of a pstslf 
Isaglnary sonstant oa llis riglil iisag aidis sssM luifs as 
iafXasiisi m Hts iisiaibatioa* 

fbi IbittuXa CXXbl glirsa 
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i i't») + = z.Ktzo ^ 

= C^- 2 o) 

~ ^ CZ- 2 <.> f $,C 2 --Z«)- 5 ' C 2 .-Z 0 ) 

tofiilO#, fey ( 17 ) 




C 2 - 2 o) 


~ Cz-Zo) 


I»t»gr.Mi.i <17 ) Md (M) *!«, n$g^t to ^ 


C 18 ) 

OH* ofeftftina 


4czj ~ +, Cz~2o) 

= t, Cz-Zo) - 4/cz-x.) <!•) 

"httrun, totottot. tolch to not .ffw* th. 
M.tMbuUon h... toto «-lttod. 

»«it, totoitor itm .mat «f tototlon of 

«» ortglo mto. K tto to- o. - ^ 

» mw «Kl« Oo., ^ ^ 

Hi life tfei iiJtli,lf Ox 

t tfeiO fefe« (K,y) III 

«OQyilia«t« 9f9%m i« w^9U& to &to 

^ JMfetol iB tot 

‘■’^.•1.) •toMltotoo kr ttOolatloB 


->«.=. -Jtj COSO*^ -V^,sCto</^ ^ 
- y.» £v»v +• 'Ji 
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ffe«refor« 




or 

Qving to ti«« invitrittECi* of | on* hasf oe tlio 

basis of iila) 

Re. iCz-i=. i^Cz.,) =. Re 

whooeo) osiittSAg a puiaXy Ittagioitry eonstsat toiWf 


5Cz) = 1., C^e^'^) 




Xov iMi&g formula aiialiii«Mia to aaoood of (it) 


z, #,' t^i) = [z iL'Cz)4-5'CJi)'] € 




fluAa 


Z +- 'VCz^ = [z Cz + % tze'-''^) ] 


aotlai ti&at 1^ Ctl) tliat 


^'(zi =1 e’’*^ C. 


.T .T . -, ^^'*'\ -SlCo*^ 

4iJ.) = 4, ) «• 


<tt) 


if 


on* («t« 
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with awapact to z. ao^ 

©•ittiag imaooeaaftr^ artel truiry whieh io not 

iafltt«tt«o tlio atroas distritutiui, ono obtalat 



4, cze'^> 

7 


'V, . 


im) 
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CHAPm IX 


IMO-w^lUK PmhlkM Mii> 


A§ tide tbegiii de&li witii m olmss of ioolutioii 
jpirobXong in oXastioitf theory g « t»ri«f dotorXiitioa of 
tiio prohXtw If ootliod is orpleined nitli tiMl 

holp of tine mil kmm olrotiXer ioelueioii probioa* ttm 
inoXiatloB ftoblts stoteg thet i 

A rogiem Cthtt iooXiigioxi) of «» glAgtio omtorliiX ttdig 
to mdorio o gpoAteoooug ohaoggf which in tho ohggooo 
of tht gurrouodlng ig«tori»l Ctho oatrlxJt of tho oXoglio 
ogtoriaXi wouli bo m prmmiimA kmog^mom doforootloA* 
strooiitg dotoi^ boooufo of tlio ooiuitrAiatg« ft»i fyoltai 
if to fioi Urn ologtie ftol4» prooioo oosiiliiig to tho 
torog ttgoO in tbit tboslg oro givon boXow i 

•XnoXngion* ig tbo rogion, tfhioii it Oofoimiai moA 
i« of tlio gong OAtorioXt thot of oovromdinf iigtorSnX» 
tho iMtrix* Now og tlaw inoXiigion iMdorgoog « ■pofOmwoo 
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iu •!!&$« ttfid ■ls<i| tti« •little c<K^«trtili;tta of tlio 
aatrix idil ftnerato lo<i^od*u$} oooono4«tioii ttiooiot 
•irorywharo vlthln imclualon m<^ OAtrix* ttm 
dotiovttiootioii of tiso r«ault«iit strots fl*14 «ci4 Um 
«<|uilibriua ooiiflgur*tiott i&m ttm oobjoot WAttm of ttm 
imlmion probloa* 

Tho towi ••fr#o laolusiori** is tutsd bsw sflsf 
for «h# fr#t ststs ooofigurstioo obiofe tbo inoiiiaioa 
wottltl sbtsia io tho sb^os of tbs astrlx* 

On pl^siosl grooE^si for s utdfora oxihussSoii or 
ooittrAOtioa of spliofs or s oirols •(luiiibriuHi bouoSsry 
is s siaiisriby sitiisioa splasrs or s sirols sail ^o 
problsii oso bs sssilf so3.vs4 #•«* Mott sci4 Hsbsrro CCt>)* 
fhs fosiilt is siio trot for smpsoiil <CaO)) «ii4 •l.iiplis 
boiiii4sriss CCi9}>* iitl tbs gmmmXimMon it not fotsibis* 
for iiistsoQSy wim tbs iaslution mmI frss«iiMiiiisiott srs 
sisiisrif iitsstst fsstsiN|l.stp tbs squiUbriiM bsiti4sry 
is not m slAiisr rsotsogis, in foot it it sot s rsstwiiis 
St sii (l^M^fsrs aii4 mm^^w HUih flRit tbs S(|tiiUM«i 
iatsrfsss it sakaoso of tbs problos* Sooststt s wf 
poiiorfiii sat iagssioat sstbst to soits sosli proiiMit wts 
fiistt bqr isbsibf CClii^l)* it mss tlis ros«^tt tas to s 
]N»iat»foroo ia ta iafiaito aotiat* at brisfljr «o omr 
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tilt viiiisli inirok^rt m of followliii 

hgrpothttjioaul op«ra&iuo.»i and idiioli taivtt tlNi probloa* 

Fi.r8t out out tb« iaeluaion fvoii tl'Mi tt»(liua mad 


mllm it to «oMo^ fr«« otato ooiifi$ur*tioo* font «• 
it !•> iMiutlua eao m loii#r to fitted niUuut tlrtining 
iiilo %im Mmvity ftm wtdot it wus tai^eo out# Most 
isprotn upofi it tit* suyrfooo trmotlousf tiemt rottor# its 


•tf«ftt*fi«li pYOftat In %im iuoltitiOii* u# aliali Oitili ttilo 
st]r«8««»fitld *0 **tli« ooootvaioiKt stf«i8*flolil** fot 
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fliMti if th« str«88 In A to s 

oonoontrntod fore* At a point, i« tooMa, th« enonijitivo 
of foot dw» to tfao diitrttHitlon of point-foycoo oan bo 
found by lategratiag along tJfiO boundary* tm atroio- 
floid In tbo matrix, dm to tiio dofonaiag laolwsioa, 
will bt gaoo a* du» to tm diitrtbutioa of point farooi# 

In tbo iaolusioiif howtvar, too atrost fioM la obtalnod 
by auporpoalug tbo atroaa-fiold duo to tbo layof of points 
forooi, OB tibfct otigiiially ptmmit duo lo ttoo iaiproaaod 
•nrfaoo traotiono* 

ftio probloo of a oonooatratod foreo aotlns at a 
point in an Infinito olastio nodiuo wat firat diaonaaod 
iiy liiird Eoloin A fofoo z) anting at a 

point • pfodttooi a dloplaoittoiit 

at ('v<-, 'Z-) givon by tlio fomitX'ia 

r X4-3ft -i . rxcx--Ka-<-Y<-vv)iZ^ ^ 

8TT^*Ca-^<+^) [_ xtH ‘=*- ^ ^ '^L •=*^^ 

WlMlfO . « 


With oisilay oiq^toooion for and ur « 
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Ws>T «xpi^»sion for 

41sp3.8k.oeMtt at a jpoiot 4 u« to a ooiic^ntratad 

fore# aetijog at a point is 


a. fiu. = - — ^ - to^ i t.'i— 

nci-ns.) " > 

r X ^ Cx-x,)^_ 4-3.CK-XO cs--’i..) 

^ttik+u I +• 




tcV 

TT(,V-(-K) 




VSL 


4 


3Trrc le^-i) 


[- 




CX-x, >^4- t'j---'ix)a- 


iflMir# K=2>-i4-\? . for plant strain ami k* Sii for 

^ ^ |4-\? 

tim plan# itraaa oaa## 

A Qonpluc^varlabl# forsnilation for ausli pmMm 
oan t# •aailf fbncat out* At nlriwAar statadi in tli# last 
oDaptAtt tb# alattie fi#X<l it eonpl«t#l|r Iuwiirii it two 
fnaittioiia mA ar# known* In tti# eat# of a 

oonointratoi fore# ^ '^ + <-Y aeging at point ^ of an 

tuil)oiii4#4 •laotle Mf tt# ocMpl#^ potontiil funetion# 
mod ar# glwa In Oroan an4 leriia Cltll *• 


^Trci4-k) ("z-^) 
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P -J - jLZ , i%4) 

^ 3.T\CV + K) Cz-^^) xIT(H-K) 

wtmtm P i« muiugAt* of P • tm 9mm»» of 
irarlsbio i^^proach Miigot on tlwa* Icoy rtaolta* 
fit# QuatuXuUv* «ffiiet of of 

sotiog along a a?o V &t m ioflolt* alai'llo 

nadiitti aMijr Imi oltaiiiod }3f li*t«gr«tiiic %bt •fioeta of tilMi 
ooii0ittt4r»t«iil foro«» glvto as a fimetim of ^ cn P » 
ftsis fCHT oaiiemtffttoi foross aoteiog along P | tfoo fyno^iocis 
ftod aro glvon fey 


Vca) = 


1 


•aTTCH+») 



P<S^g 

2-^ 


> 


*v'(z) s, — - — c p^6 — ! — r <1 

ancK+i) jp atrcK+o jp U-%)^ '• 

wfeor# dtootoo tlw mtct difforsiiUal alooi * X« 
nay fea aapfeaaiaai tfeat ^ Hat on p • fe oYaluata 
latagrals lu atiuatloa <Sld) at fi«i«Uo&a of :z. | at writa 
P4s and Pis aa falloaa t fcafe and 

ti»irafaraf 
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SO ttmt 


_ i. /' +- ) 

5^ ~ a V fits ‘A-s / 


c 1 t\ _ _ ^ ^ ^ 

di " a V ds 4.S f 


im) 


Mow ««y b« rsaioiisd Iqr witing ths sq^iAstion of ^ 
lo tils for* ^ f C^) 


At tbs polot C^y'^) Of sa ittclwsloa boundary ^ 
tbs oiitwsrd noi«*l to T bss dirsctl.m ooslass ^ 

B«iss» If EsbsXby’s bgrpoUJStieaJ. strsis^flsld if 

tbs f»oint*foro* |>sr unit Xongtb art 


lloW| ttslciiig Has of siiustioa iW§} ons mm srriss st tiis 
ssprssslocia 

Pd.s= ((vV +K,)dS - J '■ ’’“V^ 


Itanss tbs SKprsasioas 

AS s& iXisstrstios 1st us tsks s slrsulsv issliisliMii 
of unit ndios in m infinits slsstis ssSius. ms lands 


in tht 


to •xpiiM to a of fadlot t 

of aatrlXf (wbofo S i« oomll ao tb^t Um liiaoir tboox^ 
of i# app3.i«iAb3i.«*) fhla is ybat has boon 

to mo 4 at *ff«« iooiuficaii** 4t t»it itafOy w« ttiluioo 
tb« loolosioa to th« six* of th« bole by Applying sarfeoe 
traetioot* t^m Oiepiaoeaeot field la gi¥eo by 

u^= - Sv. , uy=-^y 

aod WMirefoire tlie atafaiaa ■ey.n= , eyy*^-<S' , « o end 

beaoe by Bookea lav 

'Ml leave tMa laailiialoa la ttm bolt aad apply aarfiee 
traotloaa (Mlitoh voald bate tatea tbe laalnaioa to ita 
ftee atate ia tbe abaeaoe of tbe eatrlx)* fbla ia effeet 
geaaeatea a layer of polat foreea aial are obtalaed fioa 
(i7}i by aubatltaUx^ tbe valiiea of WiL , aai 
m iifoa W aboYo roletioa vltb aeiative algay vbeaoe 

P^S =. - at CX+^^) s - jaiCX+N S' 

giibetltotlag tbeae values of aai ia {9^} 

oveluatiag ^ iattgyal aad aotiag that ^ ia a eiyele of 
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wait fudiutf m g«tf for n point ^ in fchi iacliialon 


andi for a point 


5, <r 


VC+-1 

X in tlm sAtriz 


=0^ 






tvt 


L:*') =::: 








wiMirt tiiA |»ot«ntiAi tmetiom oni '^1^*) I and 

^iirvi And 'V w C7-) r#fw to &ho iiicl»ai.>» mi »Atrl* 
FAspiiotiAoIsr* 

flMt AtrAAsAt aM diipiAi^mAntA in tit* natriK nan to 
difootlar found fro« tfa« «ofifA*poMin« AxprAtAions for 
eonpits pountiia fmotioiiA witn tn« aid of rtXAtionA illU 
Hut io oatA of tn« inoXiiAionf tn* oonplAS potMtiAl 
fixietiona <6^) awl VcCz) giv« oaXir a port of tlit 
•trti#»fi«ld* tbi oonittAinAil •troiA-'floM givon if 

a.cs-'-wS ^ j = 0 j, 

■niit it ingroviniAOd to tt to oitoiii tio not «%»••••• 
in tiMt iooXiuiioii* Continultf of tAngontioX And oov»Ai 
AtrOAAOA tOfOiA titA ioiAdArf r it A AiSOAii: OB tteo 
fo»o»ioitt|; AjaoIfAiA* SlodiAAly not dispXAAAOont in 
tiA IftAXtttion iA fomd if AopAAfioAinc tiA dii^XAAAOtnta 
oilAinAd if tiA HA# of < c*) ill CUa) ofO» iaitioX 

diApXAOAOAdt fiOXA* 
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III 

«0i eiMitH £fc4Piia.%ijya& 

j?»«viow« neirtet of Mott and iotiarifo 
itlMltgr «lOt 131^^ ^mwM «o4 mMxgrnrn C(I3))| Bfatrgaira 
and iadbaltrlste* (Cl7| liiJI mui Iteajrgiva nod E»poo» CC14)) 
m4 of otbors Jmiro aolulf Iwoo oonfiiiofl to tl%o ooao of 
booogoKMOuo »p<mtmmm dofoiitiitioti* tiila ifoa 
otewtotiood W toiKlag mm 9p&nMmmm Mermtim 
*S iivoil tf 


SvX-+ 'fx'j y +V, X. 

lo iM&o oiMiptor wo mimXt eoooidor « iMifO toaoiol 
protlooy wluiro »mh o dioploowooot io givoo ty 

U.^ =. S^, r’^coa-ne 4- 'jf, v’^Swv'r>& 

u,= Sj. r’^ciwne + V, r"'«sn0 


(it) 
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A ptKjf a«auBiliig to suol^ a spoiitiiiMious dafontatiou 
om tm gi'v^u as follows t Considsr tbs following pWQhlm i 
A prisnit of olroolaf orosr^sootlon of mdlm a 
and Ottutrs st tOs origin Is satiNildiftd into an itifinito 
no(llu»| and is Insnlatod at tns oo^won intorfscs* flMi 
prtm is siftbjsotsit to tho toopsraturs distribution of 
tbs fom 


Tcr.s) ^ Of Tc»',6)= b„r’^swn© 

It is oMous tOst suob a twipsraturs distrilmtion 
is satisfying two*diaisiisionaI l.apIaos sqtiatlon CMsi' 
and Wiaasr 


V^TCr.e) - 


a 6 ^ 


v( 






Ona to tMs tsBi|>«ratiirs distritutioni tbsra wniM Imi a 
frss mpmuim in tisi inslnsioai lait for tlif sonstraiftts 
of na trill* Maado iHo sttossss wooM dowtl^ toiH In 
Inolttsion and in natrin* tbs ^rolilait is to find tbis 
olastio fioM* 

It mmy to rsnart^d tiait suoli a tonporatoro distritotlon 



QomMeit ma meMtmrf liaptratm^ «ti8tjrtt»tiii;#a* Siippos* 
%M% diftfetli&afeioa i» •xprt»i*i im Fou»i«t 

4 t 


T(»»e) 


Oo 

r\sO 




cosne + 2, 

^=4 


(ill 



nIlonNii lo uaAtffa tJte t«ap«7atwr« ilatrifetiKioa* IMt 
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KT , (St) 

wluir« K =• fioasa it tiiwt cwitfficient of liHtftf 

txpintioo of i)3t tuultr contldtration* itulittitiitloii 

of tbttt iwlwtt of «tawi#««» j 1» iMiiiitfclOtti 

(97) fcbt folXoMioi •qtmtioo it obttintA 

Pas=.-cKT4t ^ P*=ts=.lKTdf (39) 

Xt »tf bt Mbtd t% mt point %Amro "< it 

tilt t«4lut vtiitor maA & it blit woot&rtol tHiXt# 

Mi tlaall firit tontidltr tilt tttt wkMm Hit tmporotaxo 
4iitritKitioii it 

Tct", 6) = by^ r’^cojine 1 P4) 

If tilt point it ttktai on tht bomdtryy ^ iitlii tw nvitttn 
to (T tlMt Hit «<i««tloa of oittultt lioioiilfttf r is 

<ra= ^ e?- » liiiktt 0^=1 Hit twonAtiy tfetit P it 

ttm ton^ts otaiucttt tf cr « futtiiif ttUt vtitt of T 
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ffon ( 34 ) %M ( 33 ) mad tjbm sitbtti tuning tlw valu# &f P<*s 
lu (83)y and inttiralil^g r«aultacit mntomt iatagrals 
aroiiod Urn itirala r | two mlms of «aoii Vcz.^ M^Vz-) 
aro oti»taiii«d dopimdlog upoa t. Hot Ifiaid* or 

outtido tlie eirol* ^ • 4ft«r wmo 8i»p).« eaIcul«tioii| 
tbti foXloid-ng iralufi'a tfo ohtAiaod 




K by, x" 

a.cv+-'^> 


tz) = 


(K+n-O ^Y\--2. 

iCv<-+-0 ^ 

1 

actc-n) •zT' 


I 


'VwvU^ 


-XCK+-V) 


J , 

^Yv + 5L 


(3i) 


Cii) 


for •mXoftOicm of •oroaaoif oho imlitot of ocnplox 
fotootiox meUoao art iuOatitutod froii (33) • (33). 

Xt ooft toovivo^t tNi mtoA tliat tor looXiiaioa ted •« 
initial strota^fioM torood provioualf «• *ooiiotraia«d 
•tro«o»flo24* a»a^ for finding oot tho ootoal otrostoa 
tho oonotroiiiod noli tea to bo gi^rpoaod upon ttet 
obtoinod ifitii tbo telf of foootiocii 4>.'c-Z') ani 'V^cz.) ^ 
folloifliii tbo p^rooodoro oatliaod obovo» m aboil tot oftof 
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flQiafi tittpliflimtljii »t:r«st«t in tii* inelution art 


t’rr- 


K byy y" ^COS n & 
acv<-K) 


2.KirV a^CK+v\-0 j. 




1^, 


^n-Ki 






"} 


and 


l?t& = 


K^,r^-^;yvne ^ _nc«^-r^) 


a-c v+K) 


1“’ 


(M) 


Bit* m uaa asalX la^tara , p^q. , p6& to danol# 
tiMi atifasaaa la Ifoa inaXiiaion* fim capital latlat would 
Ini uaai for aMitraapoaSiiig ^uwatitiaa in uatrlic* Unit 
Pvr , Pre , Peo will rafar to tha atraaaaa In tlia sairlji* 
fttp dauatloi tlia botaadary valuta of tbaaa <|uaiititiaa wa 
alkali mm tm auptraoript b • fiia boundary alraaaaa 
ara 


b'’__ 

Mrr 



!L 


- ■ 

\<bt, a’^c^S'ne 


a 


b'* _ 

^<,b„ 


Rrft - - 




mi 


2 ? 


ttiw eeaifXffX ^ot«fiU«X tmetim (36) idtii (I3)t siif* 
tilt str«»ir*fl«16 in tlMi ssatrixf to tm 


Prr - 

K by? cl'^c£)S n e 

/ ar^-4- Kd^-a?"^ 





1 « 6 • 1 


(40) 

P - 

•^ee- =■ 

KbyiO.^'' tosn& 

ay'- _ Kd^'+d*' ) 




V J , 



Aadt 





Pre- “ 

, x'n i-3u 

K <=^ srivt -ne- 



(41) 

a 

V . 


Bomdary valutt of ttooo atr«s««s oro 



Prr = 

Kb.n-a'^ci.s ne 





2 



p" _ 

19%* - 

_ K bn o' cos vv 6 

f li!l\ 



rsi. 

V v+k; , 


(4i) 

ph 

T rft- - 

Kbn ^ 




2 




tlM «iq^fos«ioiMi 09} woA 

(48} m otforvo timt 

Ifpipf 


IMIYMOI and tiuiiOiitiol oe»|>oii»o%« of il«ot« aro oottUaooiM 

on IBs Intorfdoof oliioB it ittoiOd Imi» 

fB» 



imrm « |tMi|Hlii«otttiiiui%ar mmw tiMi hvwa/lmwr* 
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tt» Jaap la 



Kb^ 


C4i) 


flm fl«M is mwkmi oii« with %tm mi$ 

of o^iuatloa* Cilo) Mid m} - CM), tho »*t 

4i«|»l.««i«iiit fi«X4 of th« iis^oluaiun ( m« 4« olnotii 

oo4 oon^laotie 4ispl«o«iii»&i) it Qh%tki.m4 ta 




K. bw Kbri z z.^ ^ Kt>nO<+’i-13 

Sl tK+->>Cri+-0 ?i.CK+-i) i.ci<-*-0(n-i) 


tm 


fim Ait^Xaeooaot otfliiiroiiiott iMiir b§ niemtttomm twm 
Cortaaioo to ^oiar mmHimtmm with ttia hal# of roiations 
C3d)* fho of u^+lu. fm iaoittaloii it 

iivon tf 


a/4. 


b b . 
tUY+ta^) 


KbnKft^' r 1 

acK-i-i) L ^ n-t J 


|4i) 


whoto lit Iwat tctia mtti wmXl iottart uy- , 
tiMi 4iapioo«et«ot io tlw iooXotioo tat teltiiiiurlf for 
ottrit lit thttli uto otrittX lotioti* 

fl» fiioiftoooiot i« tilt ottfix^ it gitt» hr tl» 
roittioo CiiO) ttiiA othttitti CM)| t« 
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aO<-H) z'^*' 


K z 

2 . d'K +0 Z.’^ 


_ K by.A^'^'^^CK-n-i) (4§) 

•:*.C‘^'>-i 3 C>r '+0 ■*■' 

thB oonpOKiMiatii of In 

at tim toouEidary am 


;>R(nVu«U Kb.K»-'’^' C , e"'°] 

a-CK-n) L i'^~l J 




Wtim C4&) jini tlM oontlnnitf of <li«pIao«aint fl«X4 

ov«r %lm intorfaot i« ootalilliiliiit* 

Xlw • train anariy danaily of a tao^laanalonal 
•laatla aystaa yar mlt Iwlglit in pX«n« strain oata is 
(iviai lyy 


Mah nay tm f»«t In tarns of straasas mlf ty naliif 
i^fcali Xav If )« fi)0 strain Mtfilas In t^ inaXnsian sad 

tlia Matrix ara 


H= — +-^'^^C^»-r+^Wei) ^rr) ” +-^ tVeJ 




%p«] . 


c«> 


E 
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Bf aerosd mr«af tb» ff>w 

• train mmr&f in tli« imingion md tlM matrix ara 


J! r \ ^nc.w+•l) i-f^Cv\+S)l 

+ Ov+I^r [ +- ;iCV+f^)CX+^N J 


Vl 


rc\ 


TT (V^ br^A^)^ 


t6( 




im> 


fhiw 


W I [ ^ { xftC'i+i^ +• 1 +2 -(x+-/*jcx+3/^ji piVij 

W^" 2- ^fX+WC««) ■»-/<• tn-i)J 

for fivan iptiua ef t\ , tba umiiuig &t vvit/ww oan imi 
• atiiy acMipiilaii frm tlia atoiw formul*«* 

A finiiat prooadur* i« adoptad ta aoiira % 1 m p»o)»X«i| 
vftm «ti« t«tt{>«ratttr« dittrilmieiaii it of tlia t^rpag 


Tcr,e-) = b„r’^SmYv& ^ 


ftM fotiXaiiiai fotuXta ara darivad 

^ ^'^bw 

ockTT) > 

V CZ3 - byt z._ 


C«i) 
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VI b 


■n 




a.C.K+-<) 


1 . 




xn+-'X 


a. C -t- » ) X. ' 


tJii i» tti* inciusion i« «4v«ii bf 

Pf-r “ a-cvc-H) t- 1 


P&fr Cy>-i-K-i ) 

rx-^k-i-v) ]_ 

pYfr = Kboy^~^^s _vvg_ C I , 

liCK-i-v) \ ) ’ 

anil in %im 1% Is £iv»ii bgr 


<i 9 l 


C«i) 




- Ki>-n < 3 .^’^r>CAVi 9 ^ } 

2 -CIC-VJ) ^ ' 

- K: ^vC^y^ p S % Y^-V-^^jr(„K) 

1 C l-' ’•<.) 



V K 

^ ^ ^ ^ C^SvyO r 


\-K 

^ t-lc 



till 

ii|F 


tlMi «oa»«a <3ia94««ttmt fi«X4 «v«r tm mmmm %»%^^9ff^l^ !• 


IMI 


L K btvKa'^'''* p ^YVte- 


1 


(M) 






32 


IV 

41 m vimt u^mouxn iMip.-iuruBS-* 

iJQL 4 >£«l£>U£ioK 

fhlt ehup^r <l«slt ultli Urn |pYol>li8i of on olllptli 
wltMii « laoami^iiaoiis oliigtio stdiuB* XOo rggion 
tg gubj|get«4 to m fgjptlouigsr typ« of toMptroturg* 
41gtrlbuUoa ultb mmmm iiit«yfgog* fb« tg»pgrfttw« 
digtribtttion It of tbo foi« 

T CV, 8 ) a ba.t''<^S 9 .© im) 

wimm it eofigttot mi ^ mA o art •oo.riiiitttg* 

flit ta^ of tini^trttiiio*iittfilnatioii obvlotitlf attioiltt 
it^f ttttt boat oottAtittioci t^utUoo In polar fog* 
giroA 1 a tqitatign 

It At|r bt rtAtftcod thAt tilt prtvioui toark <<10}} •* 
CCli)) OA ttob ptobItAt rtlttti Atinly to tbt ttttt tbta 
tbt ttApttmtiirt ttt toAttAAt ibroiiglMittt tit IfttXiitlOA* 
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It lifts tim fft@t tl»t tifti apmtt^mom 

idlsplftise^iMiot itt tliit iacil-iiftioa lifts of thm form 

Ux= 5;y.-)- s-,^ , s^:>+<s-3x , Alttioiigii It ftowiil b* mm 

<l«siriibl« to ooosidsr tJi« o»s« nbwa T= ot fof 

Ttv,6) = b^T’^si'n n B bsoftusft of ooapitjtitifti 

iairoivsit tbs teap«rfttitr« distribution bat bssn tft)ton 
of tbs foiw glma by tbs siiufttlon C^)« fblXotioc ii 
•iMilftr proosduftt It it postlblt to tolvt tbs probXtn 
for tbs isnsml omss T~ b^r’^cosne- , numsrioftXly* 

fbs soXtttioa of tbs probXiMi ii«y bs obtsinsd by 
tbs iftstliod sxpX«iiisi!l in tbs tmgismlug of tbs prsvious 
sbsptsr* 

fbs bouadftry «>niitions of tbs probXss srs tbst 
tbs noiWftX sod tanisatiiiX sosipoiMiatt of tb# strsst m 
tbs boundary sbaXX bs sontinuoui* fbs strssssi at 
infinity tsnd to ssro at Xsatt as oc^/t^) , 

dlsyXassssnt flsXd« nads iip of sXastis and gioii»sXattit 
oontrlbibiioaat abonXil svaryvbsra bs oontiiMsstia* 

tm fomitXas for and for » senssntratsd 

forss ^ astiiif at a point z ara givan by sdoaHont 
(•4)* tbs onsaXatirs affast of point forssa ia fs«nd ant 
by ittt^ratiag tbs sffsot of point*foros at z svsr tbi 
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tooMsodary * H#r# r* it tt*# Klllptln Isomdary 

1 * ^if foy eoaiftataiica ia iwitlMnaatioid 

foraul'itioa ti» n it mrittaa ia tti# fora 

For c.ja« aUipUc oa«« tol« «i»Uoa i» 


£ = ^ - ^ , Cc>-= «>-«>) («) 


iMlIdi im tMiIp of thoraooIatUo rolatioa** 

Mp to* 8tf*«is«s ia tb* *b««ao« of m itrix ar* glv*a ^ 


1v^=Kv=-Kt, 

wimf a^cx+-H) | oC. feting oo*ffiei«at of liaoar «Kp«afioa 

And ^ and ]A ar* vail Icaom L*a« ooa*tsiit*« 

Sufe«tltutioa of ti)**« irmiiits of 1 \k , Pt.'i aiii lP;y^ 

ia o^tmtioa* %foiiid furaiafe tfe* oitproAslonB tm 

for*** aotiai oa aro • tfeia* 

PcJs=. -iKTa.^ ^ p4s=tKT4l {«0) 


T- 




) 


1% IMF fe* ooM tfeafe 
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tfher* z it ooiipXtx of x | <l«llmd 

tqtttUoii (ie)« th«f« valttta of p-*® aa4 P'=‘s ar« 
•uisstituttd in (t6)» It ait3r> bt iiot«4 that p 

it tiEio oilipbio bomiltrf* fno vtluts of oteii 
txtd ^''(x) aro obttiotdf doptiKting upoo tlit 

point z it Inttritr to tllipst i«e» t point in tb« 

iaoiiailon or tjEttrior to tb« tllipso !*•« a point in 

tbo matrix* 

Afttr «om« otleiilfttioiii it it tttn tl»t 

Kb, f iCaHb’-J ^x ^ aAb.C'i-b) 1 




ACK+O 


C«+-b)3 


^ (a+b)^ 


«ii> 


for tli» ineittsioni tai 


36 - 


^ aCK4-o L I 3 J 


SiCK4-l) 


[ ^6 [ 8abca?-+b^>^C3,-K) +ij«bCa+b^3'^(=L=tJz\-c’- + zV4i3Zc’^)Cfc.a^^ 


C V^z’--c^-i) - MAbc«.*^-»-'o'j*' jj 


(ia) 


3f<iir Wm matrix* 

mw %m ^mXuMm #f vsltitg 9if iumI 

iM C#l.) mi iit> nr* im (lit I imi C3.ia|« 

XI ««yi Iw h»wm Itel tNi intluaion te# g#! 

*«Gii9lir«lii«4 gtmm W 

t^^=-KT , Ir^^^n-KT , (i§} 

Mmiem Utiiias out •tih9999«i 

•l»«i9w€X«Xi* tei I& l»t au^gr^oavi i^niii tlial allaiAni 
If •aaitliii«tal*fitl«X |l^l« 

Al %hlM alAi* it la mmt<$ mmmXm% la aait aliai 
aaniaaaX aXUplia aaaailaalaa I , iaflaai ^ im 
lyaaafiaaallaft 
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= c cosh C f 

its »tr»As Mid di»plstmmut$ compoanats , 

U|,’^n r®f»w«<S t© I, »1 t tl4« »*«» oriented at in ayagli 
6 -to »»«JE4i Atm riXatod to Cai-ttilan cmponidrit, 

tii« followlni rolatimi 

^c6 

U.;|+lUyy= C'-^X+'LU^ ) e 

Xa tbo prosont m»9 ^ dwiotis tiMi angXo Iwtifeiii 
ttoo x^ixlt and tHo aomaX «t ( 1,'n) Cia tb« (tiir*o^oa of 
Inortiilni % I* Xt «ii^ Im »mn that 

, if lit ooiiif •iopXl.l'ioatioiit oi got 

tin ootiiaX otrooo oooponenis oo i 
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I 



aCK.+\) 


- <53srU 2- 


i 


<^s.aL»^ 


<^(iOS»i 2-1. - CoS'!i-y\) 


_ KC<=OS^ ^1." i COCW -v OOS AM t<5sK2.|l 

Ca4-b)"' L ^ ' J 

4 - <-_K^-^) ^ - ‘= 0 ^ 2 - I £'^'^> 1 ^ I 

^ * 1 ^ < -i 

efc t 


iy|)|- j^_Ci+-K) cosKa-%a>sa.t>C«‘S'^a-^-‘^^^) 

— k. tcjJsWu.^ — =osa>r\^ V S cos^-A - cos®iX| „ tos 3.ir\ 1 

C<XArb)T- I 5 15^ 

c K- ^ ^ C «at?V t^^CA-b ) I tos^air^ _ casV»*a'i^ sivv'-Rr^ | 

- M^^^a^4-b^4-^<i*~b^2»o?b-3«*b^4- K<=ibt<V-bf' ||co^li:;^^«<a 2i^-l| 


4- cogVii*^— <u7saY^^ ! (^ Cost, a.'i^ — co5 , 


C#i) 
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aui 

’ aCK+\j L C** •«-bi*- 1 


CA+-b)3 


I ct^' 

I 


b'*+. (^a’-V?' _ 3<»^b- 3«.b^ 


+. Ki-vVaCA-b) 


X 


X ^ Svn^ 3^% Sv/wva.v\| I coih - Co5an) 


C#l 


ASoag tkm l>ouD(dary % Mu tlMt I. miA§ 


cosb X%^ = 


c'»- 


swb a. %a=- 


ftui tiM tiouBiftrf •%!••§•• rteogniftiwl Itj «up«ri<irlpt b | 
mt%9W mmm %tm 



Kb>.c^ 

a.Ci<-»-0 



c^sW^a.|,- ^ ‘^sb‘'a.|^ sWvb 1 


■b ? tosb^a.%^ swxb’-a.^^- a.a«V^!iu|^-!>.<osb*a^£„S^^ai. 4- 
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f I- k(- t- a.<^sW 




+ 6 cosii\|„ sH«.V)^a ^ iosH a|„ + »<( 


£cr7Vi^st.|„ +- ‘tosK2-|,„ -t- cas.9.*\ ^ atosK^ a.^, 




+ K ( - <0 sit ^ ^ I 


+ K ^ toA^a§._ a<<s>sh%.|^ 3.|^-'««>s.hii.|^4* si«-V)^a.i.| _ 


Cil) 


^-a^tv,\^^5^^a.s^ +c«.sVva-%.» - j^oeixx^^- c.ofx*\'^ 


^\a -- t^cM 5 - lo ^ sVya,a.|^_5 c^sw^ag.si^'i'^al. 

XCKfU I ^ 








3 



tKC 


£^sK^a-|, - a. tosw‘^a.|^svunll|^^ 4-ces*i^a^^5vliV>%.^^-t-««iii l 



■V s<n%_r^^^ics-h\|^ 5inlii\£^ - 6 S«>s*i + 


+ «.(" ‘«sh\.|^jmh\.j|^+- l(u>sK^a.§^s - <i£>s*^ a.|^ s | 


f tOiaiq| — M smWa|^4. 5 <oj:liS.|;^dMA'iV|^-‘esV,^a-|„ -2,cosha|^smb^a§,^-1 




„ KbaC'-r^^^r^sl«^.r^^_8 cosuV|^SMAV,i|. + il0^sl,\^^suv»hV|«-14 t^H\|^5.;v,l7\|„ 

^’^"j.cK+OL ^ 


sCmth I ^<DsH^a|„s^.^l.>|^ - a + 4 c^shix.%a 


•X s*«*\‘*a |o +- K >1 a-fo sui^Vi'^a^o +• a. ^oih'^a-l „) *-|o- “** °-'T^ 
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At rtgtrds t^<s mitrlti tti* ms« af eon^spandiiig 
fitonplttx pottfitialt 4^ cz-> andl givts tlit tjcprtsticicit 

of ft tuts eomponc'nts* 

B _ f 5.A\)t.A?-+V^J ( ucosViai <e>s.^xr\ _ isiviVj cofi^a.*1-^c'^5l:‘-o5a»lSM^!iLVl 

L I 5 1 


^ SwwVia^ Swiir^ „ a.^:e>sli!i| - SkioiS-ifll _ M'ab CQ- + b ) (%-K) 


_ C6st’-a| a.A.b k- 9-)| ( <:os^av\-Svil»ftir|)| 




R\y\ =■ r ( _ C(3S^5 lv\ s»^k -1- cosWa.^ s.^ a-''] 4- M c^acV* a.^ q9saL.i^ ; 

'^'’ x><-+oL c^ i 


*^SwV\>^-Cc»Wa|) -5viu.liX|^_S\M>.v\+-3-e€!>sV)a^ +-a.«oS3-v^| 4- 


ka.bt'iVb*') 




C^-K)X 




1 4 , 






J 


+■ t'-'^) ^sa-»^ (.«vviV> a.| - Cosh 9.5^) 

im} 

+ coyVia9 eesa.Y\^J ^(io&kal- Ci»S».y^) 


t 
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amt 




X.- 3 cosV»*a.^ siwii^a^iosa-'i svm - £osV,a^ Sv^ 2-n| *. 8‘^?b* (T-K) 

c5 L j —rg * 




m} 


fba Ixftt&dary i^alna ©f tlwt* way ^ obaaiaad 1^ ©aitliig 
\= and mim falatloaa C70)| it aay to# aaie 


tim lamp •%?••• Vr^y^ it giiwa by 

P»\*\ - te>^%r\ y 4 Cosin^x smh a - 6 cosW^a ^ 

:ick+-i)L ’ ' 

St.CoS^TL%t> ^%o - '^ ‘«’SH e, 




4- 
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i % ^ 3h 


^ iuv\V\‘’a|„ 4- k C s^vvb^a.1,*, - - a coi'^^a.ioSwvVjai^ 

+- stvih'^2|^4-k(^a.^sV,\|„ sUhxi„~ ‘^sa.'i) 

<ni 


fMt V4ja* of P-nn foip tuo m&%3tiat awiy im wm&AmU 
wi%h Um vftltt* of for %t3» laaiuMiioii* n |* olwloui 

timi 


m 4itpl*ooei«i»t litl.4 Mmf bo obtoiaod by pubiUtiiltei 
froM C«l) Olid (9i) in tbo %m§t roXobion of fbo 

ootHiA diopioooiiiiit ia tbo iooliisioa l» ow of Mo^^lattio 
iiifXoeoooiiei ioo to tottpofatoro*fi«X4 
oloftio aitplAooiioiilot 4iao to tbo ooootfoiats of tbt 
ootrlx* tim iflofXoooikoat la tlio inoiuoloa it lino i 
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K C CojIi Sl'ie’S '5'^ 


4- 





c<4.Hbb / £^£^|tocn i cosiitil'iaan + i 


_C SIA-V 



<. I<--^) ( ‘4?'4- ■) 
c. 0^=1+ (3)^ 


k>£^ 3 I «4953-V) 


i. SI^ 3 ^ ivltB,v^ + I 4 . 


4 . I dV 3 b - b^4- K ■=ib CA-b )^| f h I cosT^- i s '*^'1 


m) 


ttm tMuBdAri' ftt3.wi t»g tlHs diaplaotawit it 


J.p. ba.C^ 

ILCK4-V) 


Ce.S 


I i (I 1 







C3»“k.) 


-f ^ ^ 

C^4-b)^ / 


- S- c&s-h I +■ ‘ I fo ( % +- ^ SuaV> a 


( 


C*\-v-fc.)^ («+-b)’‘ 


b eosha lo I 4- 1- ( ~< - i- / \ 

3 ^ V ) 


at 


t\ 4 b 
C^ 


^ 0.'^+ i,^4_ Mo.H’"- 4- Kdb C«.-b)^^ 


!S CaH b^j ^ a ^ j_ c^gb JL|. I 4- 

Ca 4-!,)»- CA4-b>’- “• j 


+. iin^vj I _ 1 - ^ ^ (K-^) CA*+bh (A-b) 


- HU? ^A*<4-b‘^4- l4£i»-b’‘'-3.A^^ ~ 3‘^b^ +- KAb (.A-b)’’^ 


ic (A*j^) . a- VLA^b 


4- fs^ V - » ^ ^ ^ .^1^ 4- ^ ^ +• 


a CA-t-b)’" (A4-b)^ 


4_ a AbCAH-b’*') / 1 cocr^ 4- I b Sww ^ 4-C SVvi a*) ) 

CA4-b)=^ ^ 


4 ? 


tbm &i»plmmnmt im tlM satrix gimn by 

iUl>ttiUiUag in ^1* last of tim v^iklmg 

of and ffoss 1 


acvc+i) 




3 C' 


4. 5i^Jk3| -%>S 3Y| -<-1 3| $1*’ 31^ - — 


ct^ 

(Ci?sV\^£oS.t\-HS'^'^^5'^'^)- I SvviVi2.|toS.^'Vj-l<oih*-|i^aV) 


AosVi^l^osay^ +.isvivV,4|sw!iy]^(tosK|^®s>^+‘^'«*'^ti‘^’l) 


t- (.K-3)^ ‘os'i %<«& 3^^^v^ 3v)- fivUi3^<osa'1 


-i c 


.v.<=o«V)^|4vt^3r\ +-3«e>sK| <!s>s Tf\-3.cSVKV, .b 3 S,Ua«i | <%3S 


_ 3L ^sh% ^ ~ ^ 

(cnAV>%«?sir^-\tAS^| 


Ml 


^8 


It Buy b* gma tSut tb« boaoiSdiir ira3.ii«« of not 
«tiipIiiQito#ii,ti foy lacloiioe md 4i*p3Lio«i»«Eit of t&o 
KUtrix ay« oootitvuous* 


saiAPfJtii ¥ 


fiAii»iaa m nnuim &4ana mmm* 

FPtfiou* worn (91% isolusioii iiff^bidiKs hit htan 
noafiJOiBd %<» tim ottt wh*!** iaolutioiit mud inlxattogtiMititt 
m&mfto hoB»o$tn«ou« dtfomaUuu iK%4 tdM 

mtrijc had m amh dtrontat&ofi* fht rntfim tliitXy tdM 
At ft ht %im Inolutioo iiixlcilEi feritd %& ftttftiii 

its ff •#••%(% tft ftonfisurfttiftft* i«r*| in this ehsplftfi 
thft ftfthlsBt irliftii thft ffifttrix wdstgofts spcjiitftnftoiiA 
dftfOfttftUnn is sonsidsiNHl* But tht pmaamm nf th* 
inslusioii dsvslcips stssss^fisid Both in ths nstvix ml 
itsftii* fhs- taq^Iiftit mintioa of s i^tnhim forns Umi 
• mhjset ftftttftt &t this shuptss* 

CBtssidss sn iafinitft slsstis Mdiut* idth s siysuisv 
tntSf mdst tmpftsfttnrs distfitlitioii of thft fosii 
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'wltli Insulated inuMf go ms m% to tM 

tta|(«i*atmrt of &t»i ioolusioo* fMo t:rpo of tmp9V^%mt% 
diitrilMtloa obviously sstisflos stoady s^to Iwat 
oonduoUoa ««4uatioo C30U 

fb« pyoblon «sy tm solved direotly by tlae folloiiliig 
Wp^timtlmX ecmsidoretlciOA i 

Out out tbe iuoliuiioo* illow tim Matrix to 
ixidofio tbe tenporature distriliutioii in qxwstion. this 
iK>uld attain a pveaoribed doforoation and radiioo thm 
fiae of tbo oavlty fwm vMob tbo inoluaion oas talcen ool* 
Apply iurfaoo traotiona to the boundary of the oavity lo 
brij:U( it ba^ to tho initial ahapo and iisa« fit the 
inolueion into the tavity and than apply tha opatatioiui 
ainilar to thoaa givin in ohaptar XI paga « 

fha final aolution auat ha of tha foxn that it ihouli 
trananit a parfaet bond on tha inoluaion boundary aoi tSm 
not diaplaoanant fiald ia aontlnuoua on tha boundary* 

Anoording thaino-^laatie atraaa^atrain ralationabip 
tha aonatyained atraaa<«fiald In tha aatrix ia 

== R,V- 

alkera << ia tha ooaf floiant of linaar axpaaaion af M 
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iiiittvisil.t msA H- ttm%^ oo£istai&t«« 

of mitios of ctrooioii in (07) proiri^Oi 

o« Ifitll 

Pa^ _ a.iC<^^+-^/^)Ta^ , 

PdiS = ». I c=^x T d-l . C0«) 

1% Moy h§ ootot! tHot ftt ttMi bouodory i 


-y V»o^S6 



mu 


tMouuto 0-5^ ^cP- if iiii l^mdovf of Da« «i]PO)kO V * 

flu imlm of T ftm (77) it tubsUtuttd in C0tt) «kI 
tnt tminti of P<^s tni pas tintt obitintd tft 
in C0i)« fOt oonlonr intt^r^it «fo iboa timltukitd* Si 
mmf i» •••» iiiti it© foliiot of otoli of mA h’'c^) 

nro oiitiiiod dopoaiing idittimr z it oui»ti4« ot 
intiio ibt oonioiup ^ • Oltiinguitlilaf ilMto lif ttibtoHpit 

i «ni m f»» inoltttlon tnd nairlai votpootlvtSfy iit got 
Afiot ttno oftSettStiion 


V £.*) = t >*' H-) 'pq z . 




#i| 


r 


K 
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for iaoliitiaai mA 


f\<-4-0 z 


H'Uu)= K ^ 

CK+-\) L Z z^ 2^ J 

for «bi Matrix* 

fbr ovaiiiiitloii of itr«at«a tl)« vaiuot of ociftpi«i* 
potootial fixiotioos ar« aubatitotad frox C7i> msd |?i) 
io Ciia) xoi woHlmySutg ttm outXioad 

aliorat aftar a<xia a^ioulatioiia tim radiaii traiwiraraa 
aod taoi«itial atrtaata in tlxi iooiuaioo nomM laa 


^ =- 
Try 

CK4-0 

bo'^s© 

r 

<1^ 

II 

Q 


bo«>s 6- 

il ’ 

cv«,+-i) 


K-®” 

CK+-V) 

boSiT>6 

-1 


can) 


AM ilraa^ ataMf at tlw lioiataary tliaaa aonpooeiita aia 
41atiikguia]ia4 kv mt^rntaeipt b aixl liava tha taXuaa 


b _ A t X»M.) b« Coi B 
fr “ 
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jb _ 

act<+-i) 



ot. ( y-¥/^)y>c,s^ © 
<aCK+-v) 


mi} 


How wo prooooH to fiml «tF*»t«»fieM , Pgfr 1 Pr0 
of tlx* aMtrix* It my tm mte^ tbat origiiuillir tlm OAtriJi 
IMS m fliii £« glvoB by*«o«Mitrain«d itfogf* 

fi«M* C7|l>« Wmm for fiMint out sotugl •lv«9«*fiol4 
too oomtruklam atttag fioM is to t* supsi^oswl oj^oii 
ttot otosiasfl tef tiis ooopisafpotsntisls «ial 

glvsn 1^ C7t)« XlMs tlis mdisXi triuisvsrto mod tsiigsotisl 
ooopoosats sro 


p„ = 


\<- 



YC K4-I) 


XX J 1 

Pe© = 

rCK-*-0 L 


4-a.NK-i)l 

^ J, 

Bfl = 

tiCN+K) 

f'" 

-a\K-o] 

' r9 

rcKw) 

L 

J, 


BcHMtHsrr ^oits of tmm strossos «ro 

rx ^ 

Trr =. bo<^o&e 

^a<+T) 

/ 
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o'- 

C K 4-1 ^ 

Ciil 

o'" bo5'-ne 

rre _ 

C K -J-O 

Brott tiw %xpt9^giim» (81) ii^ (83) it in abstrvcHS 
that th« oorttal iiadi taogential ocMi:,>oi)i»nta of stf«sa«s 
ftro ooatiiHioiM o» tim •qiiilibriti* lat«rfao«* 

ttm lioop*str«»8«s art diacoutlnuous at 
•xptettd* fht Jvp^ i» thttt guantititt it 


P)b UokO+f*-) bo^SB \<.-i fiUI 

Pee = "Z ■ K-i-i ' 

8ia»ttlttttiiiii froBi th* otwatioa (78) ia Cll«)| Hit 
4i«plattt«at fitld in tlit laolution taa hi diriillar tmai 
out* flmt tilt iitpliioaiiit at mf iioiat of tisi iaelagioa 
it givtn hf 


thNi 0«a|»oatat« of «af hi trtiMifiiati 

to '^r iiiA itt polar ooortllxuiitti tp thi idtntitp ( 18 )« 

flii bomdary talui of u^ + m^ (apart frot rigid 
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•oUajit) i* givtii l>f 




» I S' 
C;VvVp.^ V>ae K 

ac »<+-0 


4 i«} 


nm dl*plac»ia«nt fl«14 in tto« »atri* i« 1‘ouail 
ittbitltttting rjro« (?»>§ ia (llo)* Ito tiilf %tm 

iiiltiAl dl«plae«»«at J-# addad* tMn i« Ijy 

Moolit#** law vbaa ttt* itrasi** »w glvm W than 

thm mtMl dlaplaeaaaafc la aatrl* ii «o *»• 




tKi vT)* [ 2. x'‘' r’- J 


mi 


1» BIB UB BBBB ttat thB BB* «lBpXBOBIB«l» Of BBtrU 
wd Bf iMll»Sl<» IB BOBtlWlOUB Bt »»» B«aim>rltti tetBiBW. 



56 


caAFUiH n 

PiQBLm 

I» IMa &h^Vbw & laateliod to aolv# tlM bouadary 
v&luit i^foblasKt ef !»• baan disotiatad* fMa 

it baatdi m Uw «»r fiffan Za tMt p«p«r> 

%tm mmplm aatliod im» bata iKMibliwd nitti 

Iburiar iutagral a|ipyoatiili ^ fiM tba axplZcilb aalald.<^t 
or iowt pwMmprn m* «i»oiiQi>ia« i» aiwpXaa 

mA HOI* infofaativo than &Imi otiiot approaoluis to aii^ 
proUooo* mw oiaiipXoi Snoddoa iW)) baa appltod tbt 
iatoaaaX ttanalbra taoteifiiio tiit tho aotlMSd lavolvaa 
ijiaoaaioo. of ftimotlocwi laadlog to lapfopoa ia^OifaZif 
i^ab oxeopt la toao alapXoa ooftoa aro dlffioult to 
•aaXuato aaalytioaXly* 8oo»vor» tba ocaiploic rntMUm 
approaob givoa tbo aolotloaa divootlp aa aooa aa tlM 
potoatial Itaiatloaa ato Icaoiau 
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tn tfaii f«lloi#ir4g vtt utmlX ij«« ^ aaul 'Vcz) 

HffiQtiimftf itMeli tf# imv# ti««d tiirougbout 

tMi iiitt«ii4 ©f tl3i aotatiosa ^cx) oacx) 

©•«d l(sr ttffm idb© iiit«di tti« notiitS.©©© ©f 

£itttv«»g(»a CC 5 ))• li©ii»v©r tb« rmlMtim btftmm tlMM &• 
quit9 siapX© 

4>tx^ = ^ <0- Cx.) , 'V Cx> ^ 

1% it stioiiii %m «!»% 9t|i«rt m^cx) ■i.^r !>• 

txprtsttdi in itmt ©f fmttici!© <^cx.) • fliiit thm kiitKiaff 
vaXut ff©l»l«at Qf m tXatti© a»« rtdiKitd 1m 

a lit dtttiailiittion ©f ©lit tiiiglt fmmtiom « 

flit tirttatt tad ditpitatsitat «f« toaa«©t«d iiilii 
tat ©oapXtx |>©ttaldUi3L fimtiioat hf Wm tomvlam (ii|« 

Bf addittoa it mm, tm mm& %att 

ittt tt Iwfia «© ioivt «ht ptoliXtt of ttm Ml ipXtat* m 
©iKittt Xbt otBO$,gh% tomBorf to bt wool txitf tad mitt 
ftt bftvity 




§8 


(A) Siap|>o«« th« bomdary noesditiont f»f«F t& tl:^ br«dlio£if 
on th% stiraigtit «dg«» fhi* pfobAts any b« toAvod ligr 
soAvlof %m tliipXoi* prolbXfta«» mm«Xy (|> idwci tli« bouodnjry 
trnotiat ooasl»t» of oXoti^ idtii - o t »i»S 

Cii) wlMMi tiPHi bouodtti'y !• V-i^^ wltb • 

If on otbovlMUEid %im boindofy tfootion ocmtist* of both 

«uat t %hm %im rotoXb any b% obuiiiod If 

•iapXo ouporpoftitloxu m itinll Ihtfoforo di toots Ibt 
tm sinpXtr pyobltnt oot by out* 

Cl) Cton^ior ilit mm vfeta K'i^ 

lit tit oboost 


vV(.2^) a. -Z-Vcr) + 4^tt) 

imbititoUiid IMS vwXm %& CsS)^ wo got 

+-i 4 -Vcz) 

«nd» ^sofoyty on tbt Xtsdlog tdgo^ 

t>/^ ^ , tC^ = o. 


cat) 


Cao) 


HAl 
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It h9im ia g«o*fal, ti»t = o 

/ 

It *13. points of tbft If *1 axis. It ®*y &• tfe*t 

tu* @OEt4itioci »«y t* r«la»«« to inclod* tiio** o*s«St 
ia wMoli ms limit oxistSf but is not mm at a fiolt# 
niaibsy of points of tiJ* f«al a*ls (mugii not ralssaat 
for tfc» wont la m* mils)* fSPO*a Ctl) it is ovidsnt 
tlmt ms ooBbinatioa giy«s *«ro stooar owr th* rsal axis 
and if wt tNint 






m aust eliooi* go taat 


2 Re{ 4 >'C*>}= -fvC^) 


CD lot tto lalM m noxt 0*00| ma t 

•ai lot no moao 


M'C^)= - 4>'tJ^) - 4^c«) 


ctt) 


Bttiauon C88) floldt 




+»- - +c*)- 


Htiioe m fr&l. ftxis 


= 0 ^ P^,J = - 2 , Irn ^ 4 i'(->c.) • 


tlmsf if 


m) 

oo X««4liiig •<li«i oiui mmt «l9ie>o«<t <^(.^) $ m that 

- n Im ^ ^ = ■fa.C’'-) 

(B) W«x% m It taXltB tiat tteoodl 

fmiAiMitiitiii ptobittt 0f titibitltf ttatoiT* suppott ilit 

iitfitttatab it prtcefiM oil tim boootftry aoi 

vx^ - I no elatottt %tm fmotioii M'cz.) tuoii biml 

•=L -z 4.'c^i- fWI 

S<|tittioik Cilio) at ooot iivtt 


a.j^C VX^'-iXL*)) ^ (W) 


flHit 


K Re [ ^C-K.)^ 


U^ = 0 


O 

M.LI* = 


) 


(M») 
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It iMiiijg ftS8iM«d that point • 

of tb« v«al aids* TMa condition my mlm bs raiaxsd to 
include those cases whefc this liAit exists but Is noa- 
se?o or iitii<|U« at fiiiite number of points of v ^ • 

Vfm (iOO) it is evident that in ti-ds case is aero 

over the resi sals idiere at u^c is a prescribed faction* 
If ee require 

ul = t^) 

m mm% choose ^c»> § so that 

i <»«> 

Hiiallir let ® ani choosoi 


vvix.) -X 4 4 C^) 


cm) 


froe UU) 


4 CS:)] -n.^':) Vt.*l Cmii) 


flMMI 


cm) 


Ux = 0 


=. i-tlra ^ 
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u“ = 

&m mm% «!»«§« 4>cz-') »«» ttmt 


im} 


tte« nmtimB mh i^h Cl0«)* Clflf?) ^•^m* tHi 

pteMwft ©f f •itt4»liijrijai IPS ©laafcl® n>^o 

•pt«if4«€ m ^t9plm%^m% ©loaf feW t«*l. «Ki«i 

U III* MmmimUm of p®l»ai4a4 fnaaliisiit 

vlKlttli ©f# wiaiytt# 4» tiMi Jsilf p4«i#i «r© #f 

•itltkM© 9f ilftiaitwi© al laflnitf aai iMft 

i|Mii4fi»i f©«l ©f iaa^lJSMiJpy paft «tl#* la IJmi 

pioliliKit im&9f ©&««i#tratiaaf «oiipl»» iMPtaattali 
at Iiif|«4lnr mm m m Qf iM«l» tl»i 

,t>'(xi= OCx"') ^ tc^)= OCz') ^ 

f!r«ii tiila it la alwiatta tta atfaaaaa at 
liMrialtf mm oci"’) « fnaaa ara ti»a 3«aaat paaalkia 
«i«arai If t)Mi atiaaaaa atpH*^ 

ikava aiaia»aaf# aaaal%«at« 

All Hwaa aaaaa aaa {»a Ataatiaata aa far«&awlA» 
aaaaa If «• ^ prnmrn* iini a 
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Ft*') ifMoDt i« auMilytic th* Mlf pXtkm 

Ms prttiapiM v«fi3> f»r imaginary paurt aloag r«ftl 
exit* 

L«t fch* ‘^tx) Is* to a y#al 

ftmoUoo -f^^) at foXlows 

Ftx) = -v-l ^ ^ 

vlMfa ^ midl Hih.,v)) sur# raal «od iaaginary j^artt 

of Ft*) aM| 

T f tu) = f Ct) -e W 

Hit slio atauao tkmt tbo fmolion ft-^) ^ it 
•Xf^fottil^it at a fbttriar iiitog7al» it of bouwitg variaUtci 
aoi «% ttoii taiot 




i|H|i§ 


( ^ ciii} 

J ^ % IPPP^ 9 

ii^laot to it(Bh F/^) liat tlio ttof^ttiiat ISttti itloi% 
(HttiliOaUtMU <0» U 


(g) ^O->03 = 


§4 


Cii) 

CiiS) ana\i,»-u m V ?0 , |1^> 

Ci») fc2-)= - ( 'VI ^70, 

K i-i>3 X - t 

Cv) It la »4«iittoa ta ta# ••aaad ooadltlaa ©f ClUil 
%t i» fyattim m9wm4 %tm% 

f OQ 

1 Ivt^ Cit)| diM. < 2>o , 

-'-.to 

F u) = oc^."') m% iaflaity la ufptf fealf i^lnaa. 

m « 3 e«ipX« i« fiirca ia Ap|Ma«lixA,t»i£i lo •bow tlit 
af aiNilmlloa of fiaiatiaii f t^) 

It ptttfurlM* 

mt tauHipl* it taottaf btetatt Htnar mm% iattittlt 
tHI at t&ettaittttf la lat tuatoqucat tiitattvt# flMt 
tm tqattioat Cf8)f i0h il^h ttila^iti 

fttfttMvtif W tfeatdag 


^TT 


(U») 


“f^LU-je. ctlA 


cm) 




iii \ ^ '=‘^, 

Kn ! ^ 

mad m kmm soaLiwa ail tbm tom proUens Utt«4 a)bov«| 
wmmlf ifliaii 


L ® 

a 




0 

u; ^0 


U.^ = 0 

U<. = D 

1 

u.^ 4ib 


Htvlcm toaMi tlM> wluftf of 4 C-Z) ||;|3(| <MlffO|[pQayt|jQg 
valiiot of vvc^) mm U fount f^roii ottoatSoiit im}^ im^ <•< 
•Hi (XO0). At aXftiMlf tmmtkrnd %h» ici»»«fit«tit of 4c^) toi 
H'tx) ctvtt mm lUMtoXodio of olottit flolA 

mm tppUootloii of ttm mtmvm mrnwf oiJiX lit itMit 
io too aiilitotttitot rnmptmwm* 

mm tppXieotion of tMt tmmoA muMm to toXvt 
towi pvobXiot roifttoo to iafiotto oXottio oMpt tiaoii 
•to ioolt oitlt ia olitptor x mad M* 



CiiAi>££B 


VII 

a BOH ah iHayjioH ih halp-h-ahi-i 

ClTaetloa f!ri« wig#} 

la aluptaff wt mml4%w tlM mm of a 
gafoiMlng iaalaaioa ia m #Ia«iie )»If«pIiUMi, if^ia tim 
laaditig adit it fr«a ttm trmtXQuB* 

QomiSm m airaulftjr ragioa of raiSlua aai 
tiiifcf* at a diataaiNi I trm turn laadiag adiga af %Imi 
balf plana* Xlpa *>(- •aai* ia tikan along liia laaUng 
adgai ant 'i *axia it a lina parpaolloular to tlia ataatlag 
aiga pattini tltrongli %3am aantra of &lia iaaliuiloa* flia 
bowAarp af tlia iaaliitiori Caaa fig* paga ) la 
givaa Cx-ti) c £ ->-1^) 

la tlia abaaaaa of aalaia tiaa laalution tanta ia 
mgatgo tl»a diaplaaamant alM^iraotairiaat bp 

S'.xA-S'jLy-e) , ^^cv-e.) +X‘3x. . ^ 


alianaa tba atraiaa aara 


INCLUSION 


MArRIX 


Figure 1, Circular inclusion in sfemi-infinite medium 

coordinate system. 


Figure 2, A schematic view of normal and shear stress 
CiMaponents in inclusion and matrix. 






It way bt r«tt«rk0cl that Ihursava md Kapoor {ilHi} 
•oIir«d m •iiiilar hot aliiplor prohloa lay usisig tht 
polat-foro# toehoiqiio* m. iiso %tm thaory gi¥#a ly 
flffoii CCti)} aad doatfrIlMd In provlout eh«pt*r* Alto 
tho probltn &• mm gmmrtl in tlit »mm that m Inlet 
•iMitt atralnt tito into teoouot* 

fht txprtttioft for toopitx potto tialt ow&og to a 
tirtttltf ioolittloo of rtsiltti | mitrgoliig •poaiaotomt 
ditttosioBAl oliftiiioat rtiultlug in Hit Otfomtlioa {%%»} 
io to lafinitt tltilio •tOitai mo glmm by tht toopXtx 
pottotlali -i^iv,c»),Vw'-^) * tiam tht taluti art 

kooiiii ((i?)) aiHt art givtn bolow for rtaiy rtfiranto 


“115:^ c^+W cs-.+ y.) , 

X(K+») ’ 

ill#} 

^ K 4 -I '' > 

CS‘»- 5 - 3 .+ xty‘a)S.^ , 

iv' cz) = ^ L^i^K) ^ ~ , f ^i- yx+'i-iS'a) 

*” K.+-\ tZ l<-+' 


iveii 


tim tirifiji it %Q • fi3« e(»iit«qiei:it 

«ii«figiii in tin oanji^Inn {»o%«iii&iiiXg yiitmi %h« origin it 
trauifforrog to nnotlior i^int nr* givon o^imHoai iw}$ 
in tiMi pioseut oiiio the mw oonpiojc potontialg tlNilX tw 
at foiioiri • 


, 


%t^) 




iin 


K-H -r^ 


vv' (z.)= iii 3^ -<- 

' Vc,4-I ri- k;*-l 


k.+-l 




Cii] 


To-i ‘ -t 


irboro m iwvo yoUlnod tb* «&»• gjwbola gg tianr* ia ao 
iilealilino4 of •onfOoion# Xt «a 7 » i»oiiinion« to 
Ofoiii ttiot in tlMioo fiAOtionoi tlao nov origin io ^ 
oontro of tno inoiaoion* 

flio otroto glotritfotioa 4m to oonfOon gotontioii 
(lit} it foong ftt %h» odgo V - 0 « iont ttm ot»oo««o 

P>,\j ong art ovnlontog nt tlio iooiing o«gi^ 


ftooo oro anlUfloi tr Mis« iMMiUoaoi ^rootioiia 




^ to tlK»so foDiKd W ttilai cutK 

Ikiditioiiol eoffiplox potootiols aw ootr aoiiglit fori iliioii 
•tipt]rpo«t4l on (3^311} will glww th« •oXutioo of 

protoloiii mmw lnwiotl^atioa* 

SttbstitotiniK frosi (119) in Clio) aod ilM mi 
••ttlfig v^o I m hm* 

Vi+'l (.*'^+-L»-)J- 4<^+i (xVi'")’- '^■'-1 

4- S M. oi»- U L-K.V ^ -f tx) » ••y CiiOl 

0 c+\) (ic‘^+.j 8>)1| ' ' 

C It <-U C vt?-4-jL^)^ '~ ^■'^ ^'> (X^+.X'^)*^ 


VC4-\ \ 



Cli&l 


im ^ oaiNa tb««« otrosso* ^ itttvoiooiioii 

of oooiloo |M»t«iitioio otiotk imvo oo oiogoljiritioo ib 
i^por Half f3jiao» tiiio 9 ^|m>so mm Im lowSo of ti# 
ootM 4iottttoao4 ^ proooAiot «)iopt«r« 


mmplm functicm* for tt« %«io» e4t«i 


Hill tot tirtlmtot^ ••ptratotlT tfeta ttm rttuHlog mmplm 
















K+i L f}< ■*" r,® J 

+ HC^i- S^a,) r ^xy, o^ J^lxaHx^-ay,*-) _ ttsx<^^cx^avf~) ^ \ a. ** Vvi 

icvi L x^‘^ 

4 . 'Ht.yy, a 4 ‘i‘*v {x.Cx^V»^j^i<x^y^- ^H-vf(>t-V?')} -j 

J 

- fl 4- _ m^i tt vVi C:»X- yj^J <X ^ _ 

any K^^C^-yh"^^:»c'^V^} _ 3aH ^(-x?-- yt ) - M } 

Y,& ^i® 

^ .u»S! Mx.Vv ^^‘■-'>"> ) 1 

iitof* Mt ^v« m»§4 tis* |)9iUo«i&iit Ttotbatioos fyw brevity 

y, ^ y^-l. , 'is.-- 'i-«- ) xVy,*- , y>+y^: 

Zim iju th* mturix P>c^, Pyy , p*,, !• 

U.»o d&f««Ur i»l»«*iii»4 titt «KMipX«K pet«»ti«aa Cc») 
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